Watch Video Explanation of these notes on our website: www.LastHopeStudy.Com

Chapter -2 Sets, Functions and Groups

Mathematics-11
#rgf Exercise - 2.8
£ -
Download All Subjects Notes from website @ www.lasthopestudy.com

Operation @ is performed on the two-member set G={0,1} is shown in the adjoining
table. Answer the questions.
Q) Name the identity element if it exists.

Q.1

®@ |01
0 |01
1 1
Solution: From the given table, 0+0 =0, 0+1=21 which shows that 0 is the identity element.
(i)  What s the inverse of 1?
Solution: Since 1+1=0 (identity) so inverse of 1 is 1.
(iii) s the set G, under the given operation a group? Abelian or non-Abelian?
Solution: The numbers in table satisfy all the properties of abelian group so G is an abelian

group under addition.
Q.2 The operation @ as performed on the set {0,], 2,3} is shown in the adjoining table,

show that the set is an abelian group.
Solution:

S
0
1
2

Nl | O O
O W N N
| O Wl W

1
1
2
3

313|012

Q) Each element of the table is an element of the given set{O,L 2,3} , o closure law holds.

(i) Associative law holds.
eg.(1+2)+3=1+(2+3)
3+3=1+1
2=2
(iii) O is the identity element.
(iv)  Theinverse of 0 is 0.
The inverse of 1 is 3.
The inverse of 2 is 2.
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The inverse of 3 is 1.
so inverse of every element exists.
(V) Commutative law also holds. e.g. 1 +2=2+1
3=3
So the set {0,1,2,3} is an abelian group under addition modulo 4.

Q.3  For each of the following sets, determine whether or not the set forms a group with
respect to the indicated operation.

Set Operations
(i) The set of rational numbers x
(i) The set of rational numbers +
(iii) The set of positive rational numbers X
(iv) The set of integers +
(V) The set of integers

Solution:
Q) Let Q =The set of rational numbers

Q) As product of any two rational numbers is also a rational number so Q is closed

w.r.t. multiplication
(i) Multiplication of rational numbers is always associative

i.e. va,b,ce Q= (ab)c=a(bc)
(iii)  Here identity element is 1€ Q
(iv)  Multiplicative inverse of 0eQdoes not exist, so Qis not a group under

multiplication
(i)  Let Q= The set of rational numbers

Q) As sum of any two rational numbers is also a rational number so Q is closed w.r.t.

addition.
(i) Addition of rational numbers is always associative.

ie. Vab,ceQ=(a+b)+c=a+(b+c)

(i) Here identity elementis 0 Q

(iv) VaeQ,the additive inverseis —acQ.
Hence Q is a group under addition

(iii)  Let Q" =The set of positive rational numbers

0] As product of any two positive rational numbers is also a positive rational number
so Q"is closed w.r.t. multiplication.

(i) Multiplication of positive rational numbers is always associative.

Visit our website Last Hope Study For all Subjects notes with video ™ Explanation




Watch Video Explanation of these notes on our website: www.LastHopeStudy.Com

Chapter -2 Sets, Functions and Groups

ie. Vab,ceQ" = (ab)c=a(bc)

(iii)  Here identity elementis 1€ Q"
(iv) VaeQ",the multiplicative inverse is 1 eQ”’
a

Hence Q™ is a group under multiplication
(iv)  Let Z =The set of integers
Q) As sum of any two integers is also an integer so Z is closed w.r.t. addition.
(i) Addition of integers is always associative
ie. vabceZ=(a+h)+c=a+(b+c)

(iii)  Here identity elementis 0 Z
(iv)  VaeZ,the additive inverseis —aeZ.
Hence Z is a group under addition
(V) Let Z =The set of integers
Q) As product of any two integers is also an integer so Zis closed w.r.t.
multiplication
(i) Multiplication of integers is always associative

i.e. Va,b,ceZ=(ab)c=a(bc)

(iii)  Here identity elementis 1€ Z

(iv)  Multiplicative inverse of any element of Z does not exist in Z except +1e Z.
Hence Z is not a group under multiplication.

Q.4 Show that the adjoining table represents the sums of the elements of the set
{E,O}.What is the identity element of this set? Show that this set is an abelian group.

® ([E |O
E E |O
O |0 |E
Solution: Since the sum of two even integers is also an even integer, so E+E =E

The sum of an even and an odd integers is odd, i.e. E+O=0
The sum of two odd integers is also even, i.e. O+O=E

Hence given table represents the sums of the elements of the set {E,O} .
Now since E+E =E and E+O =0so E is the identity element.

Now we show that this is an abelian group.
Q) Given set is closed under addition.

(i) Associative law of addition holds in given set. e.g. (E+O)+E=E+(O+E)
O+E=E+O
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0=0
(iii)  Already proved that identity is E, so identity exists.
(iv)  Theinverse of Eis E.
The inverse of O is O.
so inverse of each element exists.
(V) O-+E =0 =E +0so commutative law holds.
Hence given set is an abelian group under addition.

Q.5 Show that the set {1,@,602},when o’ =1, is an Abelian group w. r. t. ordinary

multiplication.
Solution:  Let G ={l 0,0’}

X 1 0] G

1 1 @ W’
0 10 ° 1
»° »° 1 (4

Q) From the table it is clear that G is closed w.r.t. x.

(i) Multiplication of complex numbers is associative and G — C, so
associative law of multiplication holds in G .

(iii)  ldentity element of Gis 1

(iv)  Inverse of each element exists.
Inverse of 1is 1
Inverse of o is o’

Inverse of »” is @
(V) Multiplication of complex numbers is commutative and G < C, so
commutative law of multiplication holds in G
Hence G is an abelian group w.r.t. multiplication.
Q.6  If Gisagroup under operation * and a,b € G, find the solutions of the equations

Q) a*x=Db
(i) x*a=b
Solution:

Q) Since acG and Gisagroupso a' G
Given a*x=b
= a *(axx)=a"*b
= (a*xa)xx=a"xb (Associative Law)

—exx=a’*b (a’l*a:e)
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= Xx=a‘*b (exx=x)
(i) Since acG and Gisagroupso a'eG

Q.7

Given x*a=Db
= (x*a)*a " =bxa™

= xx(axat)=bxa* (Associative Law)
— xxe=bhxa™ (axa™’=e)
= Xx=bxa™ (xxe=x)

Show that the set consisting of elements of the form a++/3b, (a,b being rational) is

an abelian group w .r .t addition.

Solution: Let G ={a+\/§b|a,beQ}

(i)

(i)

(i)

(iv)

v)

QS8

Let x,y,z be any three elements of G and

x=a++3b, y=c++3d, z=e++3f wherea,b,c, d, e, fare rational numbers.
x+y=(a+\/§b)+(c+\/§d)

=(a+c)++3(b+d)eG as a+c,b+d eQ

So G is closed under addition.
Addition of real numbers is associative and G — Rso associative law of
addition holds in G

0=0+ \/§(O) is the identity elementin G.
For all x= a+J§b e G, we have —x=—a—J§beG such that
x+(—x) = <a+ \/§b)+<—a—\/§b) =0. This shows that inverse of each element of G

existsin G.

Addition of real number is commutative and G < Rso commutative law of addition holds
inG.

Hence G is an abelian group under addition

Determine whether (P(S),*) where * stands for intersection is a semi-group, a

monoid or neither. If it is a monoid, specify its identity.
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Q) Since the intersection of two subsets of S is also its subset and will be contained by P(S),
so P(S) is closed.

(i) Intersection of sets is always associative.

ie. VAB,CeP(S)=(ANB)nC=AN(BNC)
(iii)y  Forall AeP(S), AnS=A (QA is asubset of S). This shows that the identity element
isSe P(S).

This shows that (P(S),*) is a monoid having identity S.
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Q.9 Complete the following table to obtain a semi-group under x*.
*x a| b |c

a C a|b
b a b c
c a

Solution:
Let missing elements be pand q
*x a| b |c
alclalb
b|la]|b|c
clp|q]|a
p=c=*a q=c=*b
=(a*a)*a (c=a=*a) =(a*a)*b (c=a=a)
=a=(a~a) (AssociativelLaw) =a=(axb) (AssociativelLaw)
=axC =axa
—b —

Q.10 Prove that all 2x2 non-singular matrices over the real field form a non-abelian
group under multiplication.

Solution: Let G be the set of all 2x2 non-singular matrices over the real field.

Q) As product of any two 2 x 2 matrices is again a matrix of order 2 x 2, s0 G is
closed under multiplication.

(i) Associative law of multiplication holds in matrices confirmable for multiplication.

ie. V ABCeG = (AB)C=A(BC).
e . . . . 10 .
(iif)  Since identity matrix of order 2x2 is also a non — singular matrix, so I, = o1 eGis

identity elementin G.
(iv)  The inverse of every 2x2 non-singular matrix exists and is given by A™ =% eG, so

A

inverse of every matrix of G exists.
(v) Commutative law of multiplication does not hold in matrices i.e. generally, AB = BA.
So G is a non-abelian group under multiplication.
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