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e Differentiation deals with the rate of change of a dependent variable with respect to one

or more independent variables.

e In the function of the form y = f(x) where x e Dom f, x is called independent

variable while y is called the dependent variable.

Derivative of a Function:

Let f be areal valued function continuous in the interval (x, xl) c D]r then

f(x)-f(x)

is called average rate of change of the function.
X, —X

If X, approaches to x then limw

is called the instantaneous rate of change
XX X| —_ X

of function with respect to x and is written as [ '(x) (read as "f prime of x")

Finding f'(X) from definition of derivative:

It y=f(x) (1)
Step 1 y+6y=f(x+0x) (ii)
Subtracting equation (i) from equation (ii)
Step 2 Sy = f(x+5x)—f(x)

oy _f(x+6x)-f(x)
SiEn 3 Sx O0X

.8y . f(x+6x)-f(x)

Step 4 Ly i =

and

lim Q is denoted by j_y , SO
X

dx—0 éx
d ) x+0x)—f(x
dy . F(x+0x)-f(x)
dx ax—0 5}{
Note:
The symbol ;I'_y is used for the derivative of ¥ with respect to x and is not a quotient of
X
dy and dx.
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Unit— 2

Differentiation
Name of Mathematician Leibniz Newton | Lagrange | Cauchy
Notation used for derivative j—ior j—i f(x) f '(x) Df (x)
The Power Rule:
()=

Case I: when ne zZ*

Proof:

Let Yy =X"

y+3y=(x+0x)"

Sy=(x+6x)" -y

5y=(x+§x)" - x"

Using the binomial theorem we have

- n n— n n_l R, AT n n
éy=|:x +nx I§X+(T!)X 2(bx)d+...+(5x] ]—x
i n-1 n(n_l) n-2f o \2 4

Sx= X +nx"'6x+ S (0X)"+...+(5x) -
. st T N
éyzé'){nx l+%x 5x+...+(0x) :

i L3 X +Mx"‘25x ot (6X)

ox K 2! |

Taking the limit as o6x — 0

lim o lim |:an_1 +Mx”_2§x+...+(§x)n_l}
ax—0 Sy ox—0 21

d_y: g’

dx

i(xn ) - nxn—l

dx

Case II: When ne Z~

Let

n=-m

y=x"
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Unit- 2 Differentiation

y+8y=(x+6x)"
Sy=(x+6x) "~y

= (x + 5x)"m —x"

=[x(1+ éxﬂ -x"
X

=x'"’(l+@J -x"
X

e

Using binomial series

ox —m(-m-1) (5x)2

oy=x"|1-m—+ +...—1
¥ [ X 2! X }

o[t oGt
X 2! X

—-m -m(-m-1
Sy=0oxx" {—m+M5—f+
P 21 X

Sy 6x _,|-m -m(-m-1)5x
= x| S
X Ox X 2! X

Taking the limit as ox — 0

lim [QJ = lim x™" |:ﬂ+MQ+..C|

Sx—0 bx Sx—0 X 2 ' X2
d -m
ol S, B L R
dx X
d

= ( x " ) =—mx "™

Above rule also holds for ne Q -z
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Unit— 2

Differentiation

EXERCISE 2.1

Q.1 Find by definition, the derivatives
w.r.t °x’ of the following functions
defined as:

(i) 2x*+1
Solution:
Let y=2x"+1
Taking increments on both sides,
y+5y=2(x+§x)2 +1
oy= 2(){2 +O0X + 2x5x)+1-—y

Sy =28 +26x* +4xdx A 285 A
Oy =20x" +4x0x

Sy = 6x(20x+4x)

Dividing both sides by “ 6x’

é:_y =20x+4x
ox

Taking limit when dx —0

lim 3y lim (4x+ 25x)

Sdx—0 (SX dx—0

& =4x
dx
i 2-x
Solution:
Let y=2- Jx

Taking increments on both sides,

y+0y=2-x+0x

Oy=2—-x+0x-y
5y=,2(-\}x+5x~,2(+\/;

§y=\/;~\}x+5x
1 1

Sy =x2—(x+6x)?

1

1 1 =

oy =x*—x? [l+ QT
X

1
{ 1
Sy=x’ 1—(1+§j2

)

1 o 2

oy=x*1- 1+£ﬁ+u(§] +
2 x |2 X

1 2
4:§'y=;v<E [i—iwi§+15{( +}
X

1
oy= —x%x[i—ﬁﬁ.}
2x
Dividing both sides by ‘ ox”’
BY_ [L_i’u._]
Ox 2x  8x’
Taking limit as 6x —0
1
tim 2 = lim {—xf [i— 5)2 +H
Sx—0 Sx x>0 2x 8x

d_y_ 1

dx 2\/;

i)

Jx

Solution:

1

Let y:T
X

Taking increments on both sides,
1

X+0x
5y=——i———y
VX+0x
sy L1
Nx+0x \/;

-1

1

5y:(x+§x)_3 —x?

-1 = -3
5y:x?[1+§]2 —x?

y+oy=
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Differentiation
GI3) rpe ]
2 ,I'+( 1)(§]+ 2\2)0x 4 Sx x xX 7

2x  8x*
Dividing both sides by “ dx’

-1
Q:—xz [i—§5—§+}
ox 2x 8 x

=
=0x.x? [_—1+ 30X +}

Taking limit as ox — 0 both sides.

=L
]im@z]im —x:# (i~§5—f+
dx—0 ()x Sx—0 2X 8 X

=1
y__ 1
dx 2x
d_y -1
3
dx 952
. 1
(lV) 3
X
Solution:
Let y= %
X

Taking increments on both sides,
y+0y :(x+§x)_3

Sy=(x+6x)"—y
oy =(x+5x)_3 -x3

i3
oy=x" [1+§J —x®
X

o

Sy=x"> {I+(—3)[%)+¢;Mi§+..‘ﬂ]
Sy = ~x‘35x[§~ G;ix + }

Dividing both sides by “dx’

Taking limit as ox —0

lim L lim {—x'i (E - 66,‘ +ﬂ
ox-0 §x  dxoD X Xi

oy __ 3
ox X
dy _-3
dx x*
1
)
X—a
Solution:
Let y= 1
x—a

Taking increments on both sides,
y+3y =(x+c5fx—|:1)_l
Sy :(x+c§fx—a)_1 —(x—a)_L
Sy =(x-a+6x) | —(X—G)_l

5x J_]—(x-a)"l

5y=(x—a)ml 1+
x—a

§y=(x—a)_'[1+(—1]{ 9 ]+

oy ——(x—-a)l{xixa - (jji)z +]

Dividing both sides by ‘ 0x’

@—-(x—-a)llx‘l‘a _(xf);)z +}

ox

Taking el‘m}) both sides,

limé:—y:]jm 2 L . B 5
ax—=0 §x  dx—0 x—al x—a (X—ﬂ)
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Differentiation

d_y _ 1
dx (x—a)2
(vi)  x(x-3)
Solution:
Let y=x(x—3)

= y=x"-3x
Taking increments both sides
y+5y=(x+§x)2—3(x+§x)
5y:)(2/+5x2 +2x5x—,3%—35x—)(‘1/+,3{
5y =O0X* +2x5x—30x
Dividing both sides by * 0x’
Sy

X

Taking limit as 6x —0

=0x+2x—3

1im5—y= lim [5x+2x—3]

dx—0 5)( dx—0
d_y =2x-3
dx
& 2
(vi) —
Solution:
Let y= 24
X

Taking increments on both sides,
y+38y=2(x+0x) 2

X

Sy=2x" {1+(—4)[%)+@ ‘i;z +...—1}

L N4
Sy = 2x'4[1+é—x] —2x*

Dividing both sides by ‘ dx’

o0 _ 2x“‘[ 4y 10(25'x +/f}
oX X X

Taking limit as 5x —0

A [2x"‘[_f+105—f+...ﬂ
dx—0) 5}( dx—0 X x

dy _-8
dx x°

1
(viii) (x + 4)5
Solution:
1

Let y=(x+4)3

Taking increments on both sides,
1

y+0y=(x+6x+4)

1 1
§y=(x+4+5x)5 —(x+4)

) :
1 > o I A
§y:(x+4)§ +l ox +3 3 X ,4’

. 1 1 ox
oy =0x(x+4)3 —-—. =+
v =X )liB(x+4) 9 (x+4)
Dividing both sides by * 0x’

: = 1 ox
by:(x+4){3(x+4) “9(x+4)’ +]

Taking limit as 6x —0

. . .
]imé—yzl_im(x+4)5 L —1. ox 7+
=0 §x  oxoD 3(x+4) 9 (x+4)

1
dy _(x+4)
dx 3(x+4)
d_y_ 1
- 2
dx 3(x+4)3
3
(ix) x?
Solution:
3
Let y =X’

Taking increments on both sides,
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Differentiation

3
oy =0x.x? [i+§§+]
2x
Dividing both sides by * 6x’
3
Q=x2[i+35x+"}

ox 2x  8x°
Taking limit as &x —>0
3
2
Sx—0 0)( 2 X
dy _3.;
dx 2
5
(x) X
Solution:
5
Let y =X’

Taking increments on both sides,

5
y+0y=(x+0x)2

5 5
5y:x2[1+§] - x?
X

5
d 5
oy=x* [1+Q)2 =i
X

ra

5(3)

5 SN el N

oy =x? i+é(é—xj+¥éi2+/f
2\ x X

2

oy= 5xxé[i+E§+...}
22 8 x
Dividing both sides by ‘ dx’
5
9 _,p| 5 box
Sx 2x 8 X

Taking limit as ox —0

2x x°
5
dy_25
dx X
dy_5
dx 2
(xi) mell
Solution:
Let y=x"

Taking increments on both sides,

y+38y=(x+6x)"

5y=(x+§x)m -Xx"

oy= x'”(1+§] —x"
5
oy=x" l[1+§XJ —l]
X
= 2
é'y:x"' {1+mg+mé_xz+;/f:|
X 2 X

Oy =x"8x
e [ pol

Dividing both sides by * dx’

ox

Q:xfﬂ{ﬂ+M§+_..}

X 2
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Unit— 2

Differentiation

Taking limit as 6x —0

llmﬁ =

ax—0 §x

dx—0

X 2

o 1
(xii) )

X
Solution:

Let y=%
X

1
lim x [m +7m(m o

XZ

Taking increments on both sides,

y+oy=(x+ox)"

5y = x-m[n%j_m
{6274

oy=x

(=m)(=m 1) 6x*

ool

oy =0xx" {h 7—m(—m 1)§x+
X 2

Dividing both sides by ‘ §x’
Sy _ |, m(m+1) &
ox X g

Taking limit as 6x —0

. a ; B m(m+1) o
hrn—y=llrn —x" E+M f
x>0 §x  ox0 X 2 X

dy _—m

dX Xm+l
(xiii) x"
Solution:

Let y=x"

XZ

ﬂ

Taking increments on both sides,

y+5y=(x+§x)40
Sy =(x+0x)" —x"

W

R

" 4{,[1 +20.9% 40(39)ax +“'/q
X 2 x*

oy =oxx" [40 + 780Q+ }

X x*
Dividing both sides by ‘ox”’
9 =% [40 780@ }
0X X X

Taking limit as 6x —0

lim 6— =1lim| x @ + 780§
Sx=0 Sx  Sx—0 X x?
d_y =40x"
dx
(xiv) X
Solution:
Let y= e
y+oy=(x+ §x)_wﬂ
oy= (x+§x) 10 _ i

o

_XJ 1}

X

Sy=x"" i:[l +

5y=x'm|:1+( 100) 2% . JE 100)2( —101) ‘i" /f}
Sy=0xx"" [ ) 780§ :|
X X

Dividing both sides by ‘ 6x’

5.—y = x"'”{ -, 780@ }
ox X X

Taking limit as dx —0

lim 22 = lim {x"“’“.[“mo —505{)@ ﬂ
ax=0 Sy  dx—0 X X
dy — _100x™
dx
Q.2 Fmd 5 Y from first principle if
X
(i) Jx+2
Solution:
Let y = Jx+2
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Unit— 2

Differentiation

Taking increments on both sides,
1

y+8y=(x+6x+2)2

1 1
8y =(x+2+06x)2 —(x+2)2

Sy =(x+2)
1[-1) |
5y=(x+2)% +%xix2 2 22 (xé;-X;)er &
1 1 ox

Lol ‘6){2(x+2)_§(x+2)2 "

Dividing both sides by * dx”’

Solution:

y 1 1 oX : ol
—% = (%1 D)2 = +... | Taking limit as dx —0
X ( )_2(x+2) 8(x+2)’ } &
2 1 j

lin 22 = Tiin (x+2)2 - =+
X0 §x  oxl0 2(x+2) 8(x+2)
d_y_ 1
dx  2\x+2
1
x+a

1
Let Y=

X+a

Taking increments on both sides,
-1

y+6y=(x+0x+a)2
| 1
8y =(x+a+6x)2 —(x+a)?
__1
el
x+a
__1
2
[(H | }

-1

Sy=(x+a)?

_(x+a)?

-1

Sy=(x+a)2 ox

X+a

2

Sy =(x+2)2

ra

1
ox |2 1
—_ 2)2
x+2} X2}

1+
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c?y’:—(xwtﬂ)_?l . +
2(X+G) 8(x+a)2

Dividing both sides by ‘ ox’
Sy 1 1 3 ox

ox B (X+0)% _2()(4—0‘) 8 (x+a)2 +---_

Taking limit as 5x —0

lim %Y = lim | — S,
5x20 §x  6x0 (x+a)5L 2(x+a) 8(x+a)2

dy__ -1
- 3
X 3(x+a):

: o pa . n 1
Differentiation of expressions of the types (ax+b)’ and ————, n=1,2,3,....:

(ax+b)
Let

y=(ax+ b)", where Mlis a positive integer
y+§y=[a(x+§x)4b]” =(ax+adx+b)"

Sy = [(ax+b)+a§x]ﬂ —(ax+b)"

Using the binomial theorem

Sy =(ax+b)’ +®(ax+b)"‘l (a§x)+(;](ax+b)"_2 (a6x)’ +...+(adx)" —(ax+b)’

Sy =[;J(ax+b)"_l(a5x)+[;)(ax+b)"_2 @ (6x) +...+a" (%)’

Dividing both sides by ‘ dx’
oy _ox

5X  Ox [[f](ﬂx +b)"" a+ (;](ax +b)" a*5x+...+a" (§x)"-l-]

Taking limit as 6x —0

tim £ = lim Hf](ﬂx+b)n_l a+[;)(«;rx+rf:')n_2 a’Sx+...+a" (5X)H}

ax—0 §x  ox—0
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Unit- 2 Differentiation

g

=n(ax+b)n_la+0+...+0
dx

di (ax+ b)" =na(ax+ b)"_I
X
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