Mathematics 12

[Ellﬁﬁr;_l Unit 2 - Differentiation (Exercise 2.2)
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EXERCISE 2.2

Q.1 Find from first principles, the derivatives of the following expressions w.r.t. their
respective independent variables.

()  (ax+b)

Solution:
Let y= (axH:r)3
Taking increments on both sides,
y+3Jy :[a(x+5x)+b:|3

Sy :[G(X+§X)+b:|3 —y
Sy =(ax+b+adx) —(ax+b)’
Sy = |:£9w/5f/+3(¢ax+b)2 adx+3(ax+b)(adx) + (a5x)3}—w

8y =3a(ax+b)  5x+3a’(ax+b)Sx* +a’sx’
Dividing both sides by ‘ dx’

c;_y = 3»:::!((1)(%?})2 +3a’(ax+b)6x+a’sx’
X

Taking limit as ox —0

lim it lim [30(0x+b)2 +3a’ (ax+b)5x+03§x2]

dx—0 5){ dx—0

9y =3a(ax+ b)2
dx
(i)  (2x+3)
Solution:

Let y=(2x+3)‘r’

Taking increments on both sides,
y+c‘)‘y=[2(x+5x)+3}5

Sy =(2x+28x+3)" —(2x+3)’
Sy =[(2x+3)+26x] —(2x+3)’

Sy =(3](2x+3)5+@(2x+3)“.(2§x)+[5)(2x+3)3(25x)2

2

+[:](2x+3)2(25x)3 +{i}(2x+3)(2§x)4+[:J(25x)5 —(2x+3)’
Dividing both sides by ‘ ox”’
sy (5

c 73y +[i’](2x +3)".2 +G](2x+ 3)’.45x
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J{:J(zfxw)z.aa*x2 +[j](2x+3)165x3+[35x4 - (03]

Taking limit as 6x —0

)
tim = = (2)(5)(2x+3)'
Y _10(2x+3)"
dx
Gii) (3t+2)”
Solution:

Let y=(3t+2)"

Taking increments on both sides,
y+5y=[3(t+§t)+2]"2
Sy=(3t+35t+2) " —(3t+2)"
Sy =(3t+2+35t)" —(3t+2)"

oy=aeea)” (1) e
Sy=(3t+2)" —[1+ Bfitzjnz_ i|
-l OGRS

Dividing both s-ides by ‘ot’
é—y=(3«r+2)'2 A — ...
ot 3t+2 (3t+2)
Taking limit as ot — 0

]imﬁzlim(3t+2)"2[ b + 2ot +}

st0 St 610 3t+2 (3t + 2)2
ﬂ _ —6
de (3t+ 2)3

(iv) (ax+b)”

Solution:
Let y=(ax+ b)_S
Taking increments on both sides,
y+§y=[a(x+5x)+b:|"5
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y+éfy=[c.'(x-i-§}c)+b]_S
Sy =(ax+asx+b)” —(ax+b)”
Sy = (ax+b+a§x)_5 —(ax+b)_5

Sy = (aerb)_5 1+ aiixb]_s —(ax+b)_S
Sy= (ax+b)_5 _[1+ aiixb]é —1}
5y=(ax+b)"| 1 +(ﬂ5)(aii"b]+ (‘5)2(‘6)[aiixb)2 Fon }

Dividing both sides by “ 6x’

OX ax+b (ax+b)2

Taking limit as ox—0

2
Qz(ax+b)_5[ o o ok +]

2
h'mé‘—yzh'm (ax+b)_5]: R s Logges +:]
Sx—0 5)( Sx—0

ax+b (ﬂx+b)2

Q ~ —ba
dt  (ax+b)’
1
v
) (az —b)?
Solution:

Let y=(az-b)~

Taking increments on both sides,
y+§y=|:a(z+5z)—b]'?

Sy =(a(z +§z)—b)_?—y
Sy=(az+asz—b) —(az-b)’
Sy=(az—b+ ac?z)_? —(az—b)_?

= oz ™ -7
sy=(az—b)”|1+— ] ~(az-b
y=(az-b) [+az_b (az-b)

5y =(az—b)” [(1+ aZ‘S_Zb]"? _1}
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Dividing both sides by “ 6z’

2
?’—(az-b){lﬁ 7a i 28a°0z

Z az—b (az—bf
Taking limit as 6z —0

820 5z Sz—0

- 7o
limé—yz lim (az~b)“? ~7d 4 26 ézz
(az—b) (az-Db)

dy  —Ta
dz (az—!:r)8
Theorems on differentiation:

d

1) — =0 i tant

1) o (c) (c is constant)
d

2 o ny _ n—l,

(2) dx(x ) nx neQ@

Proof:

3)

@

@ e (] =c'(x)

Let y=c.f(X)

y+08y=cf (x+5x)

Sy =cf (x+6x)—cf (x)
Dividing both sides by ‘ ox’
@zc{ f(x+06x)— f(x)}
ox ox

Taking limit as ox —0

limé‘—y:c[lim f(x+6%)- f(x)}

Sx-0 Sx

S0)=d'(

%(Cf(x))zc.f'(x)

(1) +9(x))= 1'(x)+'(x)

Let

y=rf(x)+g(x)
y+8y=f(x+8x)+g(x+5x)

8y = f(x+6x)+g(x+6x)—[f(x)+g(x)]

Sx—0 ox
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= f(x+6x)— f(x)+g(x+6x)—g(x)
Dividing both sides by ‘ dx°’

Sy _ f(x+8x)— f(x) " g(x+§x)—g(x)
ox f) ox
Taking limit as 6x —0

< Sx)— -
Hin 0}’:hm f(x+0x) f(x)-l-lim g(x+0x)—g(x)
=0 §x x50 ox Sx—0 ox

? - F)+9'
X

Al 0+9(x)]= FR+g )
dx

The proof for di[ f(x)—g(x)]= f'(x)—g'(x) is similar.
X
(5) The Product Rule:
d
E[ f(0)g(®)]= f'(Dg(x)+ f(x)g'(x)
Proof:
Let y=f(x)g(x)
y+oy=f(x+x)g(x+6Xx)
= f(x+5x)g(x—5x)—y
6y = f(x+0x)g(x+06x)— f(x)g(x)
Subtracting and adding f(x)g(x+o0Xx)
Sy = f(x+6x)g(x+6x)— f(X)g(x+6x) +f (x) g (x+5x)— f (x)g(x)
8y =[ f(x+8x)~ f(0)]g(x+6x)+ f()[g(x +x) ~g(x)]
Dividing both sides by  5x’
Q:[ fOe+ 8% - f(x)}g,(xﬂgx)+ f(x)[g(xwx)—g(x)}
ox ox OX
Taking limit as ox —0
hm5—y={hm f(X+5X)— f(X)

ax—0 §x

]}ilrtg(ijé'X)Jr f(x)li%[g(x+§x)_g(x)]

ox

Sx—0 ox

j—y= F(0g()+ f()9'(X)
X

(6) The Quotient Rule:
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i( f(x)]: (090~ g 11
dx\ g(x) [g(x)]
Proof:

sy [X+9X)  f(X)
g(x+0x) g(x)
_ f(x+6x)g(x) - f(x)g(x+5x)
g(x+6x)g(x)

Subtracting and adding f(x)g(x)

_ [(x+6x)g(x) - f(x)g(x) — f(X)g(x+5x) + f(X)g(x)
g(x+6x)g(x)

1
—m[{ f(x+5x)g(x) = f()g()}~{ f (g (x+6x)~ f (x) g ()} |
Dividing both sides by ‘ 5x’
B 1 [g(x) [0 =) ¢ g(x+5x)~g(x)]
x g(x+ox)g(x) ox ox

Taking limit as ox—0

lim §_y= lim g(x)lim f(x+0x)— f(x)
X

x>0 &x {1‘).(—>ﬂ g(x+ 5x)g(x)l: Sx—0 o)
d_y _ 1 ' " '
T [9() f' ()= f(x)g' ()]

_9M ') - f(x)g'(x)

EXC

(7) The reciprocal rule:

£ () lim Q(X+5X)—9(X)]

dx—0 5X

If gis differentiable at xand g(x)# 0 then is differentiable and

d [ 1 }:_ g'(x)
dx| (x| [g()]

g(x)
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