Mathematics 12
Unit 2 - Differentiation (Exercise 2.4)

2study.com

Q.1 Find & Y by making suitable a(lfso t=x+x
dx t 1 .
substitutions in the following e =1+ iz (i)
functions detinkd 45; Applying chain rule on equation (i)

. _ =X and equation (ii),

O y= bt

Solution: dx dt dx
Let tzl—_x dy _ 1 .1+2\/;

1+x dx  2fx+x  24x
et o TR
dy_ 1 PO
Axx+Ix
dt e
dy 1 [l+x (i) eyl 2%
& 2\ix a-x
Solution:
Now 4t _ (1+x)(=1)—(1-x)(1) |
ow — = » Latx .
dx (1+x) Lett—a_x then y = xt
ﬂ_—l—/—lwt/ t_a+x
dx (1+x)° Ca-x
dat -2 (i) de _ (a—x)(1)—(a+x)(-1)
& Toral | N P
Applying chain rule on (i) & (ii) dt a =X fu+ A
d_d d (a-x)
dx dt dx d 5
dy_1 [tex X e )
Z\T=x (14 x) o (a-x)
1
dy__ 1 s Now, y— xt?
dx V1—x.(1+x)2 d_ \/_ dx

(ii) y= x+\/; dt 2‘/_

Solution: dy _x 1 - (“‘X)2
Let t=x+x dt 2 J_ " 2a
thon _}’:\/E x [a—x ’G+x-(a_x}2...(ii)
d 1 dt 2 VG+X a-x 2a

L Applying chain rule on equation (i)
dt 2‘/_ and equation (ii).
y_1 1 : dy dy d
) @y e
dt 2 [y dx  dt dx
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Unit— 2

Differentiation
dy _ X\fﬂ—x+~fﬂ+x(0_"‘)2 2a dt_}a’fx—2x3+,2/dfx+2x3
dx [2a+x +Ja-x 2a (0—X)2 &e (az_xz)z
dy _ ax(a-x)+(a+x)(a-x)' | 2a it X
dx 2avatxda-x  |(a-x) S G

2 2 dx (Gz —Xz) .
promad = N\ pplying chain rule on equation (i
the Va+xJa-x (a=x) and equation (ii)
dy  a’—x"+ax dy _dy dt

- 1 3 '

dx (G+X)E(G—X)E (;;X C::_f dX2 : ) 2
(iv) y:(3x2—2x+7)6 _yz_\’az_xz' == 7
) dx 2Va +x (02_){2)‘
Solution:
Let t =3x"—2x+7 dy _ 2a’x
dt . B 3
d_=6x—2 ...(D) s \Iaz+x2(az—x2)2
X
gesldy .
Alss, y=id= Y _er Q.2 Find o if:
3 ar : (i) 3x+4y+7=0
= X _6(3x2 =2x+7)’...(ii) Solution:
dt . . 3x+4y+7=0
Applying chain rule on equation (i) Bifforeitinte w1t “”
and equation (ii) dy
dy dy dt 3+42=0
dx dt d
X 2 X j 4d_y k.
=6(3x" —2x+7) .(6x-2) dx
dy -3
dy 5 5 Rele Swe
—=6(6x—-2)(3x —=2x+7
7 ( )( ) . dx 24 ,
T ii AV LS
(v) Y= 02 T Xz Solution: |
— a =X xy+y’=2
Solufion; 5. 5 Differentiate w.r.t “x”

_ a +x dy dy
I_.ett-az_x2 xa+y(1)+2y&=0
= y=Ailt (x+2y)j—y=—~y
dy 1 y i
A dy__—y
dt 2‘/; dx x+2y

2 2

& 1 "’ =X 0 (i) X —dxy—5y=0
d 2\a +x’ Solution:

_a’+x x* —4xy -5y =0

CdA =X Differentiate w.r.t “x”

2_ 2 ok d d

dt _ (a mxz)(2x) ——(gi + xi)(-2x] 2x—4{x—y+y(1):|—5—y =0
dx (02 P )2 dx dx
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Differentiation

(4x+5)% —2(x-2y)
dy _2(x-2y)
dx 4x+5
(iv)  4x*+2hxy+by’ +2gx+2fy+c=0
Solution:
4x* +2hxy +by* +2gx+2 fy+c=0
Differentiate w.r.t “x”

8x+2h{xj—+y}+2byj +2g+2f y
dy Y o5 g opy_
2hx T + 2by T +2f e 8x—2hy—2g

£ty 1)L A iy g

dy _ _4x+hy+g

dx hx+by+ f

v) x\/1+y+y\/1+x:0
Solution:

xJ1+y +yN1+x=0
Differentiate w.r.t “x”

=£p¢ﬁ;ﬂ¢£a=%m)

—
d d d dy
xa,)1+y +‘,41+ya(x)+y—\h+x+-\}'1+x—=()

1 dy y
; J \/1-‘:-
21+y dx ryWr \j + X

x dy
{2 Ty IH]E_ [ 2J1+_x]
[x+2 [1+x)(‘l+y)]d_y=_[2 ]+x ]+y]+y}

X

Zfi+y dx Z1+
x+2,/l+x+y+xyd_y__y+2,}1+x+y+xy

J1+y dx N

d_y__(y+2\/1+x+y+xy)(\/1+y)
dx (x+2J1+x+y+xy)(J1+x)

(vi) y(xz—l):x\/x2+4
Solution:

y(x2 —1):)(\/):2 +4

i& 23

Differentiate w.r.t

)= (753

dx

y%(xz_1)+(X"—1)%(y):x%m+m%(x}
dy 1(2x) -

y(2x)+(x* -1 _=x7+m i

R Y o (1)

d
2)(_}»4-()(2 -l)d—';: = 4

dy xX*+x°+4
(xz—l)d—izﬁ—ny
(xz_l)d_yzzx2+4_2xy(m)
dx Jxi+4
(1) - 2(x* +2)-2xyVx* +4
dx \/x +4

dy 2(x2+2)—2xy\/x2+4

¥ +4(x2—1)

Q.3 Find C for the following

dx
parametric functions:

i) x=9+émﬂy=9+1
Solution:
x=6'+l
o

Differentiate w.r.t “@ ",
dx 1 dx 6°-1
- = __2 = —= >
do (7] do 0
y=0+1
Differentiate w.r.t “@ ",
dy
i ...(11)
Applying chain rule on equation (i)
and equation (ii)

..(0)

74
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Unit— 2 Differentiation
dy _dy do ) (e
dx o dx dy _-2b(1-¢') {1
d e dx WT’ 4at
Y- !
dx 0" -1 -
dy & dy _~b(1-¢)
a(l—tz) 2bt Q.4 Prove that yd_y+ x=0 if
@) x=——t, y=—0g dx
S o 1+t 1+t X—l_tZ B Zt
olution: 2 L y Tl
_a(1-t) Solution:
X = .
1+¢° _1- t?
Differentiate w.r.t “t”, X= 142

dt (1+¢)

. 2t - 265 =2t + 6%
(1+t2)2

dx —4at .

== (1)

dt (1+t2)2

2bt

T
Differentiate w.r.t

dy (1+¢°)(2b)—2bt(2t)
d (1)

_ 2b+2bt* —4bt*
()

_ 2b-2bt’

) (1+¢ )2

dy 2b(1-t%)
Applying chain rule on equation (i)
and equation (ii)

dy_dy de
dx dt dx

a_ (1+2%)(=26)—(1-2*)(2t)

[T il
t

-.(i1)

Differentiate w.r.t “t”,

dx (1+6°)(-20)—(1-¢")(2)

dt (1+t2 )2

_ =2t- 22+ 2

== 2
(1+t2)

e R0

ae(1+¢)

B
=1+
Differentiate w.r.t “t”,

d_y:(lﬂz)(z)_(zt)(zt)

dt (1+e?)
:2+2t2—4t2

(1+t2)2
sz(l—tz) ... (i)
dt (1+t2)2

Applying chain rule on equation (i)
and equation (ii)

dy dy dt

dx  dt dx

oy -2(1-¢) (T
&ﬁ M 4t
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@_—~(l-—tz)
dx 2t
dy  1-t 2
dx 2t 1+t
Q_"_l—z2
dx 1+t
dy wl—tz
ydx_ - T 1+8
dy
4 x=0
ydx <

Hence the proof.
Q.5 Differentiate

’ 1
(i) X —— W.IL. x*
X

Solution:

1
Let y=x’-—, t=x"
X

We have to find %

y=xt——
X2
Differentiate w.r.t “x”

d_y: 2){+E

dx %
dy 2x* +2
dx X

Also t = x*

Differentiate w.r.t “x”
de
=
Applying chain rule on equation (i)

..(0)

ax* .. .(ii)

and equation (ii),

dy _dy dx
dt dx dt
dy 2(x4+1) 1
d X 4x

Differentiation
dy 2(x'+1)
dt 4x°
dy _ x*+1
dt 2x°

(i) (1 +x° )”w.r.t x*
Solution:
Let y =(1+x2)n, t=x

We have to find d_y
dt

y= (1 + X )n

Differentiate w.r.t “x”

% =n(1+x* )H (2x)

% = 2nx(14x2)" ...

also t = x*
Differentiate w.r.t “x”
dt

—=2x...(i

o (ii)
Applying chain rule on equation (i)
and equation (ii)

dy _dy dx

dt dx dt

dy 2 n-1 1
—=2nX(1+x TE
= AnA (1)

2L

% = n(1+ % )M

x> +1 x—1
W.I.t

iil - R gt
() e | x+1

Solution:

x%41 x—1
s x+1

Let y=

We have to find %

2

x +1
X' =1
Differentiate w.r.t “x”

y:
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Unit— 2

Differentiation

dy _ (x2 —1)(2){)—(){2 +1)(2x)

dx (,‘8—1)2
dy 28 —2x- 28 —2x
dc (x-1)
dy — —4x s
5_(;&—1)2 -0

x—1
also t=——

x+1

Differentiate w.r.t “x”

de _ (x+1)(1)—(x-1)(1)

dx (x+1)2
_ )(+1—)(+1
(x+1)’
ﬁ: 2
dx (x+1)

Applying chain rule on equation (i)

..(ii)

and equation (ii)

dy _dy dx

dt dx dt

d_y _ —4x (x+1)2
dt ( e _1)2 2
dy  2x(x +1)2

dt (x+1) (x-1)°

Q: -2x
dt (x~~1)2

ax+b . ax*+b

) aad ax’ +d
Solution:
ax+b _ax’+b
LEtywcx d Cax’+d

we have to find d_y

_ax+b
cx+d

Differentiate w.r.t “x”

dy _ (ex+d)(a)—(ax+b)(c)

dx (.:?x+d)2
_,a&+ad—,ac§—bc
(cx_+(:|’)2

d ad —bc .
g_L® .0
dx (cx+d)
_ax’+b
2 t—ax?‘+d

Differentiate w.r.t “x”

de (ﬁx2 +a‘)(2ax)—(«:fx2 + b)(z:::x)

dx (ax2 Jm::‘f)2

dt 2a*%° +2adx— 2a*%° —2abx

dx (c:u¢:2+d)2
dt 2ax(d-b) 3
BT e s
& (ax+d)

Applying chain rule on equation (i)
and equation (ii)

dy _dy dv

dt  dx dt

9 2
dy  ad—bc (ax +d)
dt (cx+d)’ 2ax(d-b)

dy (ad ~bc)(ax2 +d)2
dt  2ax(d-b)(cx+d)’
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Differentiation

Solution:

Let y=

’
X —

we have to find d_y

2

ywxz—l

Differentiate w.r.t “x”

dy _ (x* —1)(2){)—(){2 +1)(2x)

dx (2 -1)
dy 28 —2x- 245 —2x
dx (x-1)

d_y_ —4x .

d (1) g

also t = x*

Differentiate w.r.t “x”

L

3x* .. (i
o (ii)

Applying chain rule on equation (i) and equation (ii)

dy _dy dx
dt dx dt
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Unit— 2

Differentiation

DERIVATIVES OF TRIGONOMETRIC FUNCTIONS:
M L (sinx)=cosx @ Prove that:

(;X —(cosx) =—sinx
(2) —(cosx) =—sinx dx

dx Let  y=C0SX
3) i(tan x) = sec’ x y+0y =cos(x+x)

Céfx Oy =cos(x+dx)—cosx

R 2 o

4 = (cotx) = —cosec’ x 5y:_2Sin[x+52x+x]5in[x+02x x]
(5) i(sec X) =secx tan x :

dx '.'cosa—cos,{?=—2sin[a;ﬁ]cos[a;'ﬁ]

d
(6) — (cosec x) = —cosec X cot X Sx 5%

dx 5y——251n[x+—)sm( ]

d 2 2
(1) Prove that: d—(sin X) = COS X
X

Let y=sinx
y+0y=sin(x+0x)
oy =sin(x+0x)—sinx

- [x+5x+x] (x+5x x)
; ]51“[ ;’8)

(5 (5
=2cos| x+— [sin
2 2

Dividing both sides by ‘ ox’

sin[éj
O 2cos[x+%j72

ox ox

ssine —sin 4= 2!:05[

sin[ﬁ]
:cos(x+§J 72
T2 ) (ox
%)

Taking limit as 0x —0

hmﬁzllmcos[ﬁﬁ—)hm -
x>0 yx Fx—l) 2 sl [%]
2

=1

. sin@
+lim
a—0 g

d_y = cos(x)x1
dx

4 (sin x) = cos x
dx

Dividing both sides by ‘ dx’

[ 5x] (éx]
—2sin| x+— |sin
@_ 2 2

Sx Ox

sin(éj

= —sin[x+§)72
2 ) (ox

5)

Taking limit as

ox—0
sin ( 5—X) i
Iimgz—lim sin[x+ﬂj lirni2
dx—0 Sy Sx—0 2 ax—0 J_X
2 =
S— sin@ -
a0 G
d_y =—sinxx1
dx
d 2
—(cos x) =—sin
T (cos x) inx
3) Prove that:
i(tan X) =sec’ x
dx
Let y=tanx
_sinx
Cos X
sin(x +0x)
y+oy=——-—"
cos(x +0Xx)
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Unit-2 Differentiation
_sin(x+6x) sinx __ sin(=0x)
cos(x+6x)  cosx sin(x +0x)sin x
“.°sin(~9) =—sin 6"
_ sin(x + 0x) cos x —sin xcos(x + 0x) Dividing both sides by * x”
cos(x + 0x)cos x oy sindx

_ sin(x+0x—Xx)

- cos(x+ox)cos x

‘ sing cos #—cosasin f =sin(a —ﬂ)‘
Dividing both sides by “ dx’
oy sin(ox)
Sx  Ox cos(x +0x)cos x
Taking limit as ox —0

.0y sinox || .. 1
lim—=| lim — lim
a0 §x [0 Sx || 90 cos(x + dx)cos x

dx COS X.COS X
i(tan X)=—%
dx Ccos” X

d
—X(tan x) =sec® x
4) Prove
that: i(Cot Xx) = —cosec” x
dx
Let y=cotx
_ CosX
" sinx
_ cos(x+0x)
- sin(x + 0x)

y+oy

- cos(x+5x)
- sin(x+dx)

oy -
. cos(x+0x) cosx
sin(x+o0x) sinx
_ cos(x +o0x)sin x —cos xsin(x + 0x)
sin(x + 0 x)(sin x)

>

‘ sin@ cos #—cosasin f =sin(a —,6‘)‘

_sin [x— (x+ 5x)]
- sin(x+ 0)(sin x)

5x  Ox [sin(x+&x)sin x]
Taking limit as 5x —0

) . sinox .. 1
lim—==-1lim Jdim — N
Sl x| ox0 Sx  Sesin (x +0x)sinx

d—‘y s —]_ * 71
dx sin x.sin x
d 1
—(cotx) = ———
dx ( ) sin’ x

i(cot X) = —cosec” x
(5) Prove that:
d
—(sec x) =sec x tan x
X

Let y=secx
y+0y=sec(x+0x)
Sy =sec(x+06x)—y
Oy =sec(x+0x)—secx
1 1

3 cos(x+0x) cosx

_ €OSX—COS(x+0X)
cos(x+ox)cos x

" cosa —cos ff = —Zsin[ & ; ‘BJCOS[ % ; ‘6]

_Zsjn(x+x+éx]sin[x—(x+bx]J
2 2

cos(x +0x)cos x
Dividing both sides by ‘ 0x’

. [ 5x]. [—c‘)"xJ
—2sin| x+— |sin| ——
oy _ 2 )\ 2

ox (0x)cos(x+ Ox)cos x
, ( 5x] . (éx)
sin| x+— |sin| —

8y _ 2 )\ 2

ox
cos(x + 0x)cos x[ ?]
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Unit— 2

Differentiation
Taking limit as 6x—0 6in 9%
([ Ex I_imQ= ~lim cos(x+§], lim — 1_ —x lim| —
4 5111(—] s §x o\ 2 Jaensin(x+8x)sinx oo OX
G BW ae ox .. 2 pi 1
IJm—:hmsm[Mv—]lim lim — 2
ax—l Ay dxd 2 Jdxad ﬁ ax—) COS(X+OX)COSX d 1
2 & —Cosxx——x1
dy . dx sin x.sin x
— =sinxx1x d
dx COS X COS X o (cosec x) = —cosec x cot x
X

d
—(secx) =secxtan x
dx

(6) Prove that:

d
T (cosec x) = —cosec xcot x
X

Let y =C0secx
1

sin x

+oy=——"-—
LTo¥ sin(x+0x)

Sp= 1 N
Y sin(x+0x) Y

1 |
y sin(x+0x) sinx
_ sinx—sin(x+0x)

sin(x+dx)sin x

sing —Sinﬁ = ZCOS(MJSH'{MJ
2 2

2cos

x+x+§x} _ [x—(x+§x))
= T lsin[ g
2 2

sin(x + dx)sin x

2cos| x+— |sin] ——
2 2
oy=

sin(x+ 0x)sin x
Dividing both sides by ‘ dx’

[ §X) . [&j
—-2cos| x+— |sin| —
oy _ 2 )\ 2

ox oxsin(x+ox)sin x

( §x] ) (é?x}
—cos| x+—= | sin
Sy _ 2 2

Sx  sin(x+d6x)sinx’ [éj
2

Taking limit as 6x—0

DERIVATIVES OF INVERSE
TRIGONOMETRIC FUNCTIONS

(1) di(sin'lx)z . =, -l<x<1

X 1-x
d -1
2 —(cos' x)= . =1z xzl
(2) -
dx 1-x
3) %(tan‘lx):ljxw —00< X <00
d - -1
4 E(COI X)=1+X2, —0< X <0

G). L(secin)= ’

1
B -11
dx ‘xNxE -1 XE[ ]

(6) i(cosec"l X)= B S [—1,1]r

dx ‘x‘ Npa | ,
(1) Prove that:

i(s.in‘lx)= . ,  —l<x<1
dx e

Let y=sin'x
siny=x (i)

€4,?

Differentiate w.r.t ‘x

d .- d
2o my)=-{x)

dy

cosya =1
dy 1
dx  cosy
dy 1
dx cos’ y

B 1

- J1-sin’y
Using (i)
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Unit— 2

Differentiation
i(sin"'1 X) = . i(tan"1 X) = - -
dx 1—x2 dx 1+x
(2) Prove that: 4) Prove that:

d. o =1
i(cos‘1x)= 12, i@t dx(COt X) = = 0 < X<
e NI1=x Let y=cot ' x
Let y=0C0S X coty =x ()

. Differentiate w.r.t ‘x’
cosy =x (i)

N
Differentiate w.r.t ‘x’ E(CU Y= a(x)

d d 2 dy
e i _ oo M
Ix (cosy) ax (x) cosec” y dx

d -1
—sin yﬂ =1 9 _ .

dx dx cosec”y
dy -1 dy__ -1
dx sin y dx 1+cot’y
Using (i)
@ _ -l dy 1
dx \Jsin’ y dx 1+x°

d

| S =l —(cot™ y)=—

—(cos™ X) = —— dx 1+ %2

o yl-cosy (5)  Prove that:

d o & d A 1 '

—(cos ' X) = —=—= e (i —(sec' x)=———, xe[-11]
=

(3)  Prove that: Let y =sec” x

d secy=Xx (i)

d—(tan"l X) = g —0< X< 0 Differentiate w.r.t ‘x’

L:tyztan‘lirX i(secy)=i(x)

dx dx
tan y = i

g ® secy tanyﬁ =1
Differentiate w.r.t °x’ dx

dy 1
d d e
a(tany)za(x) dx secy tany

, dy d_y s ;
SE yazl dx secy,/tan’y
dy 1 d_y _ 1
dx  sec’y dx  sec y\/secz y-1
dy 1 Using (i)

dx l+tan’y
Using (i)
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Unit— 2

Differentiation

(6)

1

dx xvx' -1
i(sec‘lx)z
dx

Prove that:

1

x ¥ —1

ﬂ(cosec'1 X))

-1
— ", XE€|-—
dx x| Vx* -1 [

Let y = cosec ' x

1,1]

cosecy = x ()

Differentiate W.I.t
d d

—(cosecy) =—

= ( y) I (x)

—cosecycoty%:l
X

A |
dx —cosecy coty

dy 1

dx  cosecy/cot’ y

dy 1
dx —cosecy \/cosecz y-1

Using (i)

d 4
—(cosec™ x) =—
= ( )

1
xvxi -1
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