Mathematics 12

J‘Eﬁ:%l Unit 2 - Differentiation (Exercise 2.7)
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SUCCESSIVE DIFFERENTIATION (OR HIGHER DERIVATIVES):
We state different notations used for derivatives of higher orders.

oo dy df
1% Derivative 'y = Vs Dy, f'[%), —
Y dx % Y f( ) dx
- d’y d*f
2" Derivative A : , D, f"(x),
Yo =5 e Dy (%), =
. ) df{y d?f
3" Derivative fi , Yo DYy, (%),
y dx3 y3 y f ( ) dx3
— d"y d"f
n'" Derivative ", —, v, D, f"(x),
-y dX” y" y f ( ) dxn

1 -1
Q.1 Find y, if Y :3[?}(2“ 5)2 (Z)

(i) y=2x>-3x"+4x’ +x-2 3
Solution: Y, T
y=2x"=-3x* +4x> + x -2 2x415
Differentiate w.r.t “x” (i) y=vx+ =
. X
ﬂt—y=i(2xc‘—3x“+4x3+x—2) Solution:
dx dx 1
y, =10x* —12x* +12x% +1 y=J§+T
Differentiate again w.r.t “x” Differentiat: -
y, =40x* —36x" +24x 1 1 2
] =——+| —x?
) 2 Y 2& 5
(i) y=(2x+5) 1 i
Solution: 2 J’l- = m = m
y= (2x +5) lefere?tlate_igaln vs:r.t X
Differentiate w.r.t “x” Yy, = 11 %2 tox2
3 3, 2| 2 2
yi==(2x+5)2".2 =
2 1 , o113
— 3 27 473 5
Y, —3(2“5)2-2( 4 2 2
: 3=x
YL=3(2X+5)2 B="3
Differentiate again w.r.t “x” 4x?

121

Visit our website Last Hope Study For all Subjects notes with video




Chapter-z

Watch Video Explanation of these notes on our website: www.LastHopeStudy.Com

Differentiation

Q.2 Find y, if

M y=xe"

Solution:
y i x2e—x
Differentiate w.r.t “x”
dy 2 d —X —X d 2
~—=x"—(e ¥ )+e*—(x
dx dx( ) dx( )
=x’e”(-1)+e™(2x)
Y =e"‘(2x—x2)
Differentiate again w.r.t “x”

. d d, _,
y,=e E(Zx—x2)+(2x—x2)a(e )

=e™(2-2x)+(2x-x*)(e™)(-1)

=e"‘[2-2x-2x+x1

y,=e”" (x2 —4x+2)

. o[ 2x+3
@) y_l"[3x+2j

Solution:
s ln[2x+3J
3x+2
y=In(2x+3)-In(3x+2)
Differentiate w.r.t “x”
1 1
=553 eV
¥ =2(2x+3)" =3(3x+2)"
Differentiate again w.r.t “x”
v, =2.(-1)(2x+3) 7 (2)-3(-1)(3x+2) " (3)
4 9
= (2x+3)’ ’ (3x+2)’
9 4
TO9x? +12x+4  4xX*+12x+9
94X +12x+9)-4(9x +12x+4)
- (2x+3)’ (3x+2)’
_ 36x* +108x+81— 36x* —48x 16
B (2x+3)° (3x+2)°

Y

60x+65
(2x+3)° (3x+2)’
Q.3 Find y, if,
(i) X +y*=ad
Solution:

Yo =

XZ + y2 s a2
Differentiate w.r.t “x”
2x+2yy, =0

/Zy.yl :_ZIX

:>Y1:_;

Differentiate again w.r.t “x”

__y()=x(»)

.y yl -

( X2 +y2 — az)

(ii) X-y'=a
Solution:
¥ _yz e
Differentiate w.r.t “x”
3x* =3y’y, =0
zyz)ﬁ = zxz
XE

y1:?

Differentiate again w.r.t “x”
y*(2x)—x*(2yy,)

()

Yo =
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Chapter-z Differentiation
" 2x? Differentiate w.r.t “t”
Xy* === d .
yzzidy d—);=4bt3...(11)
3y \ Applying chain rule on equation (i)
e 2xy” —2x and (ii)
’ y’ dy _dy dt
—2x(x3 _y3) dx dt d);
Y= =4bt’.—
Y n= 2at
—203){ ' 3 k! th
Ty (+x'-y'=a’) A=
(iii) — yasing leferze;mate Z%am W.I.t
Solution: Y, = ?(m)-a
x=acos0 bt d
Differentiate w.r.t “8” Si==s=
dx a dx
@z—asiné?...(i) ﬂi
P a 2at
—yzacosé'...(ii) 2b
do Yaim ?
Applying chain rule on equation (i .
anpdp(}i;i) 5 g % (v) X +y’ +2gx+2fy+c=0
dy dy do Solutll:m:2 i
E 10 dx X +y +2gx+2fy+c=0

“ 23

Differentiate w.r.t
ﬁcos& 2x+2yy, +2g+2fy, =
,tfsmﬁ' oy
(2y+2f)y, =—2x-2g
()"f' f)Y1=_(X+g)

y, =—cotf

‘i 3

Differentiate again w.r.t

do y=—2 )
=—(—cosce’d).— Yoyt f
Y2 d
X Differentiate again w.r.t “x”
¥, =cosec29.[ _.1 ] _ o+ NW)=(x+9) )
asin® 2 (y+ f)2
= - X+
Yi = acosecé' y+f—(—y+$](2<+g)
(iv) x=at’, y =bt* V2= (y+f)2
Solution: 5 5
x=at’ y z_(erf) +(x+9)
Differentiate w.r.t “t” : ( y+ f)3
%zh}t...(i) _ Y+ +2fy+x +g% +2gx
y:b[4 ’ (y+ f)i
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Differentiation

X +y +2gx+2fy+g° + f*
Yo == 3
(y+1)

2 2 :
yzchig XY +H2gx+2fy=—c

(y+ 1)
Q.4 Find y, if

(i) y =sin3x

Solution:

y =sin3x

Differentiate w.r.t “x”

¥y, =c0s3x.3= y, =3cos3x
Differentiate again w.r.t “x”

¥, =3(—sin3x.3)= y, =—9sin3x

Differentiate again w.r.t “x”

Yy ==9c083x.3= y, =—27c083x
Differentiate again w.r.t “x”

¥, =—27(-3sin3x)

y, =81sin3x

(ii) y=cos’x

Solution:
y =cos® x
Differentiate w.r.t “x”
y, =3cos’ x(—sinx)
y, =—3sin xcos” x
y, =—3sin x(l— sin’ x)
y, =—3sin x +3sin’ x
Differentiate again w.r.t “x”
¥, =—3cos x+9sin’ x(cos x)
=~3C0os X+ 9c05x(1— cos’ x)
=-3cosx+9cos x—9cos’ x
y, =6cosx—9cos’ x ...(i)
Y, =6cosx—9y
Differentiate again w.r.t “x”
Yy, ==6sinx-9y,
Differentiate y, w.r.t “x”
y,=—6cosx—-9y,

y, =—b6cosx— 9(6(:05 x—9cos’ x) using (i)

(iii)

¥, =—6c0s x—54cos x +81cos’ x

y, =81cos’ x—60cos x

y=ln(x2—9)

Solution:

Q.5

y =1n(x2 -—9)
=In(x-3)(x+3)
y=In(x-3)+In(x+3)

Differentiate w.r.t “x

b i _LJF 1
' x-3 x+3
Differentiate again w.r.t “x”
-1 -1
2 + 2
(x=3)" (x+3)

Yo =

i 4 1
_(x-~3)2 (,\<+3)2

6.,

Differentiate again w.r.t “x

yz__ 2 -2
. ()(—3)3 (x+3)3

Vo=

1 . 1
_(x—3)3 (x+3)3d

h, Y

Differentiate again w.r.t “x
=3 -3
y.=2 <
’ _(x~3)4 (x+3)4}
-6 -6

i ()f:—3)4 Jr(x+3)4

-
o= 6{(}{—3)4 (x+3)4}

If x=sinf, y=sinm@ show that
(l—xz)y2~xy1 +m’y=0

Yy =2

Solution:

x=sind

— @ =sin ' x

So y =sinmé

Becomes y = sin(m sin”' x)
Differentiate w.r.t “x”
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Chapter-z Differentiation
Iﬁ!‘—yzcos(irﬂsin_I x).—(m.sin"x) Qzﬁy.yd_y_yﬁ.d_y
dx dx dx’* dx dx
i ay =1 ..d_y: x Xos

Y —cos(msm x)m. — 2 oo, =€ Cosx+elsinx
dy _,dy

Or V1-x°.y, =m.cos(msin"' x) P za 2

Differentiate again w.r.t “x” d’y L&y dy +2v=0
dx’  dx

V1-x2.y, +y,.—= %)
V1= y, = xy,. ! =-m’y. L
' J1-22 J1-x*

Multiply both sides by /1— x*

2@ = m[—Sill(mSil‘l_l X)J{ﬁ

“ y=sinmsin™ x

We get (l—xz)yg—xy1 =-m’y
Or (l—xz)yz—xyl+m2yz0
Q.6 If y=e"sinx, show that

d’y ,dy

Y oy-0

e dx
Solution:

y=e"sinx

SG 33

Differentiate w.r.t

d ] e
' e"—(sm x)+smx—(e )
dx dx dx

Y =e*cosx+e’sinx

dx

—yze"cosx+y (1)

dx
Differentiate again w.r.t “x”

d’y dy
Tl 4 51n X)+cosx)|+—

dx’ (( ) ) dx

d? . d

{ =—e"sinx+e”" cosx+—y
dx dx
d? d
': =—y+e"cosx+—y

dx dx
Adding and subtracting “e"sinx”
& ¥ dy —e"sinx
dx’ X

|

Hence proved

Q.7 If y=e"sinbx, show that
d’ ay dy 2 2
—2a—=+(a"+b =0
=5 +(a*+b)y
Solution:
y=e"sinbx ...(i)
Differentiate w.r.t “x”
d_y = e™.cosbx.b +sinbx (e“" .a)
X
ﬂ = ae™ sinbx + be™ cosbx
X
% =ay+be” cosbx ...(ii)) (e sinbx=y)
X

GG 9

Differentiate again w.r.t
L. ad—y+b[ *( bsmbx)+cosbx.e”".a}
dx

dx*

= aﬁ —e®b’ sin bx + abe™ cos bx
dx

2

d—); = ad—y —b%e™ sinbx + abe™ cosbx

dx dx

Adding and subtracting ‘ a’y’

2

d—}; Lid —b’y+abe™ cosbx+a’y—a’y

dx dx

ﬁ— d_y_ 2 ax a2

o _adx by+a(be cosbx+ay) ay

d’y _ [dy)

— =a—~-b’y+a ~a’

dx’ dx Y dx 4

dzy dy 2 dy 2

— —-b'y+a—

dx’ dx Y dx St

d’y dy (2 ;2

T Zad (a +b )y
d’y QY. 8. g8

=|—=-2a—=—+(a“+b =0
dx* dx ( )y
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Chapter-z Differentiation

Q8 If y= (cos"‘x)2 , show that (1— x° )yz -xy,—-2=0
Solution:

y= ( COS_IX)Z

Differentiate w.r.t “x”

dy -1 _1
—=2c0s X

dx [\ll—x2 ]
V1-x*y, =—-2cos™ x

Differentiate again w.r.t “x”

d d -1
%t — —\1-x*==2
VI=X —(n)+ 0 -v1-x [ ;—1_X2J
1(—2x -1
Vl“xzyz‘yl' ( )2 :“2[ ZJ
241—x 1—-x

(1~x2)y2~xy1 1 B

J1-x J1-x

=|(1-%*)y,—xy,—2=0

2
Q.9 If y=acos(Inx)+bsin(Inx), show that x* c:; {ﬁ-xj—y-l-y =0
X X

Solution:
y=acos(Inx)+bsin(Inx)
Differentiate w.r.t “x”
dy —asin(Inx) " bcos(Inx)

dx X X
x% = —asin(Inx)+bcos(In x)

Differentiate again w.r.t “x”
xﬂ+@(1) _—a cos(In x) B bsin(In x)

dx*  dx X X

2
x? j—{+x% =—[acos(lnx)+bsin(lnxﬂ
X X

126

Visit our website Last Hope Study For all Subjects notes with video




Watch Video Explanation of these notes on
Chapter-z

our website: www.LastHopeStudy.Com

Differentiation

Maclaurin’s Theorem:

The power series expansion of a function f (x

f(x)=a +ax+ax’+axX’+....+a,x"+.. where a,,a,,a,....... a

) is

s s+~ are constants and

x is a variable. Now we find all constants by finding successive derivatives of the power

series and evaluating them at x=0

f(x)=a +ax+ax’+ax +...+a,x"+..

'(0)=2a,, a=2:1"(0)

f"(x)=6a;+....+n(n-1)(n—2)ax">+...

f"(0)=6a,, a, Z% f"(0)

Putting (ii), (iii), (iv), (v)in (i)

—> (i)

— 5 (i)

5 (iii)

— (iv)

=)

X3

()= F(0)+af"(0) 2 (0)+ 2 ()

This expansion is called Maclaurin series or Maclaurin’s theorem

Note:

A function f can be expanded in the Maclaurin series if the function is defined in the

interval containing 0 and its derivatives exist at x =0. The expansion is valid only if it is

convergent.

Tailor’s Series Expansions of Functions:

If f is defined in the interval containing 'a’

x=a then we can expand f(x) as
()= (a)+ F(a)(x-a)+ L2

and its derivatives of all orders exist at
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Chapter-z Differentiation

Proof:
Let

(x)=a+a,(x-a)+a,(x~a) +a,(x-a) +,(x~a)' +......+a,(x~a) +.. —> ()

f(a)=a, ——> (ii)

f'(x)=a,+2a,(x—a)+3a,(x—a) +4a,(x—a) +...+na,(x—a)"" +..
f'(a)=gq, —> (iiii)

f"(x)=0+2a,+6a,(x—a)+12a,(x—a)’ +...+n(n-1)a,(x—a)"" +...

f"(a)=2a,
%f”(a)=(12 —(iv)

3

f"(x)=0+6a,+24a,(x—a)+...+n(n-1)(n-2)a,(x—a)" " +...

f"(a)=6a,

< f"(@)=aq,

= 17(@)=aq, M
Similarly

~f"()=aq, —

This expansion of function f(x) is called Tailor series expansion.
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